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Spin contamination errors of a broken-symmetry (BS) method in optimized structural parameters of the singlet
methylene ('A;) molecule are quantitatively estimated for the Hartree—Fock (HF) method, post-HF methods
(CID, CCD, MP2, MP3, MP4(SDQ)), and a hybrid DFT (B3LYP) method. For the purpose, the optimized
geometry by the BS method is compared with that of an approximate spin projection (AP) method. The
difference between the BS and the AP methods is about 10—20° in the HCH angle. In order to examine the
basis set dependency of the spin contamination error, calculated results by STO-3G, 6-31G*, and 6-311++G**
are compared. The error depends on the basis sets, but the tendencies of each method are classified into two
types. Calculated energy splitting values between the triplet and the singlet states (ST gap) indicate that the
contamination of the stable triplet state makes the BS singlet solution stable and the ST gap becomes small.
The energy order of the spin contamination error in the ST gap is estimated to be 107! eV.

1. Introduction

A reproduction of experimental molecular structures and an
expectation of undiscovered ones are one of the long-cherished
hopes of quantum chemists. For small systems, accurate
structures will be calculated by accurate wave functions;!
however one must introduce some approximations for larger
systems. Recent progress in ab initio and density functional
theory (DFT) methods has enabled us to calculate geometries
of large molecules with accelerated CPUs. For example, there
have been some reports that theoretical calculations have settled
problems in experiments.>? Those compounds often involve
energetically quasi-degenerate orbitals that cause a static (non-
dynamical) correlation effect.** Complete active space (CAS)®’
and multireference (MR)® methods are the straightforward ways
to include a correction of the static correlation; however those
methods often cannot be applied to the larger systems because
of the high cost of computation. One of the alternatives is a
broken-symmetry (BS) method, which corrects the static cor-
relation approximately at the lower cost of computation.’-'> The
BS method such as unrestricted Hartree—Fock (UHF) and
unrestricted DFT (UDFT) allows a spin-symmetry breaking and
approximates the static correlation correction by splitting o and
B electrons into two different orbitals, namely, different orbitals
for different spins (DODS) approach.'*!* Because of its low
computational cost, the BS method is widely used for theoretical
geometry optimization of the large systems. On the BS method,
a singlet spin state with the strong static correlation is expressed
as a singlet biradical. In those singlet biradicals of the BS
method, there is a serious problem called a spin contamination
error that higher spin states are involved in the singlet wave
function.!>-'” The influence of the spin contamination appears
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everywhere, such as total energy, optimized geometry, excited
energy, and so on, because it originates in the BS wave function
itself.

For the calculation of a molecular geometry and some
properties, an energy derivative is necessary. For example, the
first energy derivative, i.e., the energy gradient, is required for
the calculations of the molecular structure. And the second
energy derivative, i.e., Hessian, is also widely used for the
calculations of IR frequency, geometry optimizations for ground
and transition states, and so on.?’ Therefore a quantitative
calculation of the energy derivatives is an important subject for
the theoretical and computational chemistry in a molecular
science.

From above points of view, the elimination of the spin
contamination error in the energy derivatives is indispensable
for the accurate calculations of molecular geometries and some
properties. However an investigation about the spin contamina-
tion error in the energy derivatives of the BS method has been
still insufficient. Recently our group has proposed a new method
to eliminate the spin contamination error from the energy
gradient and Hessian based on Yamaguchi’s approximate spin
projection (AP) procedure.?'->> We have utilized the AP gradient
for the geometry optimization (AP-opt) so that the geometry of
biradical molecules can be optimized without the spin contami-
nation error.?*

In this paper, we apply the AP-opt method to the singlet
methylene ((*A;), which is one of the typical singlet biradicals,
and demonstrate that the spin contamination strongly affects to
the optimized geometry. The effect of the spin contamination
in the singlet—triplet energy splitting (S-T gap) is also examined
by using the calculated results.

2. Theoretical Background

In this section, a theoretical background of the AP method is
explained by starting from the simplest two-orbital and two-
spin model such as the singlet CH, illustrated in Figure 1a. Two
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Figure 1. (a) Structure and two quasi-degenerate orbitals (¢, and ¢,)

of methylene. Schematic representations of the electron configurations
of (b) the SA (restricted) and (c) the BS methods.

valence orbitals of the carbene are constructed by ¢, and ¢,
orbitals.” The BS (DODS) singlet state of 'A; is usually obtained
from a mix of those two orbitals. This procedure is quite similar
to H, molecule. For example, two electrons of the H, molecule
are both in a same ¢ orbital at an equilibrium distance (HNH).
We call this electronic state a spin-symmetry adapted (SA) (or
closed shell) state. However, those two electrons are separated
into two localized atomic orbitals at a dissociation limit
(tH:++-H}) by the HOMO—LUMO mixing. Two HOMO orbitals
of Hy, i.e., alpha () and beta (1/)/3) orbitals of the BS method
are expressed as follows

Yo = cos O¢, + sin O¢ * (1)
wg = cos 0¢, — sin O¢,* 2)

where ¢, and ¢,* express HOMO and LUMO orbitals of SA
(or restricted (R)) calculations, respectively,'>.!* 6 is a mixing
parameter, which ranges 0 < 6 < z/4. When 0 is not zero, the
spatial orbitals of a and f electrons are different from each
other (1% = 1f), in other words, the spin-symmetry is broken.
This situation is specifically called the unrestricted broken-
symmetry (U-BS) state (or singlet biradical state). We note that
the U-BS state is often simply called the “unrestricted” or “BS”
state. The wave function of the U-BS singlet is

[wiinglety — cos? Glgp,p,) — sin” Olg,*P,*) —
V2 cos 6 sin OIPTPY (3)

where ¢, and 55[, express a and f electrons in orbital ¢,
respectively. In this way, the orbital mixing leads a contamina-
tion of higher spin states in a singlet wave function. The U-BS
wave function causes a and /3 spin densities and gives nonzero
(§»)ginglet value. We often regard such spin densities as existing
of localized spins. An interaction between the localized spins
can be expressed by Heisenberg Hamiltonian,

I’:IH = _2Z‘Iabsa : Sb (4)

a<b

where S, and S, are spin operators for spin sites a and b,
respectively, and J is an effective exchange integral. 1112 Using
a total spin operator of the system S=S§,+8, eq 4 becomes
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=Y J,(-§+8+8) (5)

a<b

Multiplying Hamitonian of eq 5 to eq 3, then the singlet state
energy in the Heisenberg Hamiltonian (Eg"#®") is expressed as

Eiilnglet — Jab(_<S2>sing]et + <Si>sing1et + <Si>singlel) (6)
Similarly, for the triplet state
Eglriplet — Jab(_<S2>Triplel + <S§>Triplet + <Si>Triplel) (7)

The energy difference of the ab initio method between singlet
and triplet states can be projected to the energy difference
between ES"glet and ETiPlet. And if we can assume that (S?) values
of the U-BS singlet state at spin site i (i = a or b) are almost
equal to those of the triplet state, i.e., (SHTP = (S2)$inelet, then
Ju», can be derived as

Esinglet E riplet Esinglset E riplet
Jah Tri Tri i
S let Q2 let let S"2 singlet
(< > riple <S single ) (<S > riple < >511-1gse

®)

Here, we use subscript “U” for the triplet state specifically in
order to distinguish a conventional “unrestricted” method from
a “restricted-open shell (RO)” method. If the method is exact
and the spin contamination in both singlet and triplet states is
zero (i.e (SHSET = 0 and (S)HR = Smax(Smax + 1), Where
Smax = S 1 Sp), the energy gap between singlet and triplet states
must be equal to 2J,, as

ESinglet _ pTriplet _ 2] (9)

exact exact

However the spin contamination in the triplet state is usually
negligible (i.e., (S”")T‘"‘Plel = Smax(Smax + 1) = 2) but not in the
U-BS state, so that the energy gap becomes

B - B =21, - 1800 (o)

Equation 10 means that a second term in a denominator of eq
8 corrects the spin contamination error in the U-BS solution.
In this way, eq 8 gives the spin-projected J,;, value. It can be
easily expanded into any spin dimers, namely, the lowest spin
state (LS) and the highest spin state (HS), e.g., singlet—quintet
for S, = S, = 2/2 pairs and singlet—sextet for S,=S, = 3/2
pairs, as follows

Efus — E
E— (11)
«s >U (8? >U BS

The eq 11 is the so-called Yamaguchi formula to calculate J,,
values with the AP procedure.!'"!? Because J,,;, calculated by eq
11 is a value that the spin contamination error has approximately
eliminated, it should be equal to the J,;, value calculated by the
approximate spin-projected wave functions, namely
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S S S S
J = EI{JBS B ES E]APBS B KPU (12)
ab T A
<S2> <S >U BS <S >exacl <S >exact

where EX$.gs and ER§ .y are spin-projected total energies of the
HS and the LS states, respectively. Here, the spin contamination
in the HS state is usually negligible, i.e.

< > <Sz>exac[ and ESS = EAP U (13)

then one can obtain a spin projected energy of the singlet state
without the spin contamination as follows'”!8

Eki-Bs = 0'~EU BS ﬁEHS (14)
where

_ <S2> <S >exact

= 15)
S = (8)oss
<S >U BS <S >exact
(16)
- S5 = S0ks
B=o—1 a7

This is the AP energy for the U-BS singlet state based on
Yamaguchi’s formula.
EX} gs can be expanded by using Taylor series

Efp s ps) = Expps®) + X'Gip ps(R) +
1

SXFGpsRX + -+ (18)

where Gk}ps(R) and F3 gg(R) are the spin projected energy
gradient (AP gradient) and the spin projected Hessian (AP
Hessian), respectively.?!-?> Here, R5$5s, R, and X are the
stationary point of Ek3ps(R), the present position, and the
position vector (Rk3.zs — R), respectively. From eqs 14—17,
we obtain the AP gradient and the AP Hessian for the U-BS
state as follows,

IESS _(R)
Glipns(R) = — 20— (19)

= {W(R)Gas(R) —
BRIGE®R)) + 240V

[Ess(R) — EGC(R))
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FLS R) = azE].;j’—BS(R)
AP—BS( ) = T

= {(R)Fss(R) —
0aR) GLs. (R) — GBR)) +

R
IR
UR) (B, R) — ESR))

(20)

BRFFPR)} + 2

where Gl’ss and G are energy gradients of the U-BS and the
HS states, respectively. Because the spin contamination in the
HS state is usually negligible as mentioned above, (SZ>U can
be regarded as a constant. Therefore do(R)/dR and 3*a(R)/0R?
can be expressed by (Sz) values of U-BS and HS states and
3(S2)%:5/0R as follows

8(1(R) _ <S2>H <S >exact 8<S >U BS

=— 2D
IR (& — S R
32(X(R) _ 2(<S2> <S >exact)(a<s >U BS)
2 T a2\H IR +
oR «(8° <S>UBQ
<S > <S >exacl <S >U BS (22)

S — (s’ R

For the geometry optimization, eqs 19 and 21 are necessary. In
this paper, da(R)/dR and 3*0(R)/0R? values are calculated
numerically as explained in the next section.

As explained above, this AP-opt method involves several
inherent approximations. Here we summarize the approximations.

(A) For degeneracy of orbitals, the BS (approximation)
method is introduced.

(B) For Heisenberg Hamiltonian, spin densities of the BS
method are considered to be localized spins.

(C) For the AP method, the spin contamination in the HS
state is considered to be negllglble

(D) For the AP-opt method, (Sz) >Bs values are approximately
fitted to a second degree polynomial.

3. Computational Details

In order to calculate the AP gradient by using eq 19, we have
to obtain total energies, energy gradients, (Sz) values of U-BS
and HS states, and &(S?)%s/0R. Although various ab initio
programs can be utilized for a calculation of the energy gradients
and so on, they do not give us 8<SZ)U ss/OR values. So, we
introduced a numerical procedure based on the univariate
method to calculate those values.”” According to the method,
(§?)5555 values were calculated at R;, R; + 0R;, and R; — OR,;
(i =1—3N, N = the number of optimizing atoms) and fitted to
a second-degree polynominal before the geometry optimization
calculations. The B(SZ)U ss/OR functions obtained from the
numerically fitted (S2)}%s functions for all degrees of freedom
make it possible to estimate da(R)/dR values at coordinate R
easily in the subsequent AP optimization routine by substituting
calculated (S?) values of U-BS and HS states for eq 21 at each
coordinate. The OR; values were empirically determined as 0.05
A, 0.5°, and 0.5° for distances, angles, and dihedral angles,
respectively,?!.2? The AP optimization was carried out using our
own program. All components of eqs 19 and 21 except for
HS2Sps/dR were calculated by using GAUSSIANOS at each
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TABLE 1: Optimized Structural Parameters of CH, by Spin-Symmetry Adapted (SA), Broken-Symmetry (BS), and

Approximately Spin Projected (AP) Methods?

ren” Onen”
SA BS AP By) SA BS AP B))
STO-3G
HF 1.123 1.100 1.121 (1.082) 100.4 110.7 99.9 (125.5)
CID 1.155 1.098 1.152 (1.104) 97.8 129.1 98.8 (125.0)
CCD 1.157 1.092 1.152 (1.105) 97.7 143.6 99.6 (125.0)
MP2 1.144 1.116 1.142 (1.095) 98.2 109.2 97.5 (124.8)
MP3 1.154 1.123 1.151 (1.100) 97.5 109.0 97.1 (124.7)
MP4(SDQ) 1.158 1.126 1.154 (1.103) 973 109.4 97.2 (124.7)
B3LYP 1.154 1.124 1.142 (1.099) 97.1 108.4 99.9 (126.2)
6-31G*

HF 1.097 1.083 1.098 (1.071) 103.1 115.5 102.9 (130.7)
CID 1.114 1.091 1.112 (1.081) 101.6 119.7 101.9 (131.8)
CCD 1.116 1.087 1.113 (1.082) 101.7 125.1 102.4 (132.0)
MP2 1.109 1.091 1.109 (1.077) 102.0 114.7 100.9 (131.6)
MP3 1.109 1.094 1.112 (1.080) 102.0 114.9 101.0 (131.8)
MP4(SDQ) 1.117 1.096 1.114 (1.081) 101.2 115.0 101.0 (131.9)
B3LYP 1.120 1.100 1.113 (1.082) 100.3 112.9 103.2 (133.1)
CASSCF(2,2) 1.097 102.9

CASSCEF(6,6) 1.124 100.9

MRMP2(2,2) 1.109 102.0

MRMP2(6,6) 1.122 101.1

6-311++G**

HF 1.098 1.084 1.099 (1.072) 103.6 116.4 103.4 (132.0)
CID 1.112 1.093 1.106 (1.081) 101.6 117.7 101.8 (132.9)
CCD 1.114 1.091 1.107 (1.082) 101.6 120.7 102.5 (132.9)
MP2 1.110 1.093 1.110 (1.079) 101.8 114.8 100.6 (132.5)
MP3 1.113 1.095 1.112 (1.081) 101.3 114.6 100.5 (132.7)
MP4(SDQ) 1.115 1.097 1.114 (1.082) 101.2 114.7 100.3 (132.8)
B3LYP 1.114 1.096 1.109 (1.080) 101.5 114.6 103.8 (135.5)
exptl® 1.107 (1.077) 102.4 (134.0)

“In angstroms. ’In degrees. “In refs 28 and 29 for singlet and triplet states, respectively. ¢ Optimized parameters of the °B; state by

unrestricted method are also written in parentheses.

coordinate.?® Convergence criteria for the optimization were
0.00045 and 0.0018 au for an energy gradient and a displace-
ment for all geometry optimizations, respectively. We note that
the first-order corrected (U-BS MP2 level) (S?) values are used
for the AP optimization of MP3 and MP4 methods. All
calculations about SA and BS methods are also carried out with
GAUSSIANO98 except for CASSCF and MRMP calculations
that are carried out by GAMESS.?

4. Calculated Results

The methylene molecule has two valence orbitals as explained
above and has two spins in those orbitals. Those two orbitals
are spatially orthogonal and energetically quasi-degenerate. The
ground state of methylene is a triplet *B; state, and a singlet
A, state is the first excited state. Cramer et al. graphically
explained the wave functions of the 'A; state with SA and U-BS
methods well, as illustrated in parts a and b of Figure 1.5 The
SA method such as RHF considers only one configuration
although the BS wave function consists of three components
such as the lower singlet state, the two-electron excitated singlet
state, and the triplet state. The existence of the triplet component
is the origin of the spin contamination error in this system.

Both 'A| and 3B, methylene molecules have bent structures,
but the experimental data indicate a large structural difference
between them. For example, experimental HCH angles (Oycp)
of the singlet and the triplet states are 102.4° and 134.0°,
respectively.?®? There have been many reports about the
theoretical geometry optimization of this molecule. For example,
Hargittai et al. summarized the calculated results about SA

methods in their review.*® However the report about the BS
method still has been insufficient. As mentioned above, the
BS method is a convenient substitute for CI and CAS methods,
so we first optimize the geometry of the methylene by SA and
BS methods. In order to elucidate a dependency of the spin
contamination error on the calculation methods, HF, a config-
uration interaction method with all double substitutions (CID),
a coupled-cluster method with double substitutions (CCD),
several levels of Mgller—Plesset energy correction methods
(MP2, MP3, and MP4(SDQ)), and a hybrid DFT (B3LYP)
method are examined. We also carry out CASSCF(n, n) and
MRMP2(n, n) (n = 2, 6) methods. In addition, three basis sets
with different levels such as small (STO-3G), middle (6-31G*)
and large (6-3114++G**) are used to examine the effects of
the basis sets on the spin contamination error.

Calculated results are summarized in Table 1. In the case of
the B, state, the optimized equilibrium structures reproduce
the experimental values well by using 6-311++G**. In the case
of the 'A; state, all SA results are in good agreement with the
experimental values, while all the BS results overestimate the
HCH angle. The difference in HCH angle between the U-BS
values and experimental one is about 10—20°. The HCH angles
of CI and CC methods are especially larger than MP and DFT
methods. Therefore it is difficult to use the U-BS solution for
the 'A; state without some corrections. On the other hand, by
applying the AP method to the BS solution, the error is
drastically improved and the optimized structural parameters
came in good agreement with experimental ones. The difference
in the optimized HCH angle between the BS and the AP method,
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Figure 2. Basis set dependency of the spin contamination error by
each method.

i.e., the spin contamination error, is about 10—20°. Those results
strongly insist that the spin contamination is a serious problem
in the structural optimization of the 'A; state and the AP method
can successfully remove it. Interestingly, the optimized structural
parameters obtained by the AP-UHF method are almost the same
as the CASSCF(2,2) ones. This means that two-electron
excitation involved in the AP method approximates the (2,2)
active space well. The HCH angle becomes smaller by the use
of larger CAS space such as CASSCF(6,6) or by adding the
dynamical correlation correction such as MRMP2(2,2) and
MRMP2(6,6). The result of the spin projected MP4 (AP
MP4(SDQ)) successfully reproduced the MRMP2(6,6) result,
indicating that the AP method plus dynamical correlation
correction is a promising approach.

Next, we examine the basis set dependency of the spin
contamination error. In order to estimate the error quantitatively,
the percentage of the error is calculated by

0., (BS) — O, .. (AP
Error[%] = pon 9) ( A;‘)CH( )><100 (23)
HCH

where Oycu(X) is the optimized HCH angle by method X (X =
BS or AP). The results are illustrated in Figure 2. The error
depends on the basis sets, but the tendencies of each method
are classified into two types. In the case of HF, MP, and DFT
methods, for example, the error slightly increases as the basis
set becomes larger, while the tendency is opposite in the case
of CC and CI methods. In other words, we must pay attention
to the spin contamination error if U-BS CCD and U-BS CID
methods are used for similar systems with a small basis set.

Finally, we examined the energy splitting between singlet
'A| and triplet *B; states (ST gap). The ST gap (AEsr) is
calculated from the difference in total energies at stationary
points of singlet and triplet states, respectively

AE(X) = E(X) — Eq(X) (24)

where Eg(X) and Er(X) are total energies of 'A; and *B; states
calculated by method X, respectively. The calculated results are
summarized in Table 2. The schematic views of calculated
potential curves and AEsr(X) are also illustrated in Figure 3.
The experimental ST gap energy is 0.39 eV,! but all restricted
methods overestimate the ST gap energy showing the necessity
of the static correlation correction. On the other hand, the BS
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TABLE 2: AEgr Values® calculated by SA, BS, and AP
Methods and AAEgr Values®

AAEst  AAEsr
AEst(SA) AEsr (BS) AEst (AP) (SA-AP) (BS-AP)

STO-3G/
HF 1.74 0.96 1.36 0.38 —0.40
CID 1.13 0.62 1.08 0.05 —0.46
CCD 1.08 0.36 1.05 0.03 —0.69
MP2 1.38 0.87 1.19 0.18 —0.32
MP3 1.23 0.83 1.13 0.10 —0.30
MP4(SDQ) 1.17 0.81 1.10 0.06 —0.29
B3LYP 0.79 0.35 0.36 0.44 —0.01
6-31G*/
HF 1.34 0.71 0.99 035 —0.28
CID 0.76 0.50 0.63 0.13  —0.13
CCD 0.70 0.45 0.68 0.02 —0.23
MP2 0.91 0.60 0.80 0.11 —0.20
MP3 0.80 0.56 0.73 0.07 —0.17
MP4(SDQ) 0.75 0.54 0.71 0.05 —0.16
B3LYP 0.59 0.27 0.26 0.33  0.01
6-311++G™

HF 1.24 0.66 0.92 033  —0.26
CID 0.64 0.45 0.58 005 —0.14
CCD 0.56 0.41 0.55 0.01 —0.14
MP2 0.76 0.53 0.68 0.08 —0.14
MP3 0.64 0.49 0.60 0.04 —0.11
MP4(SDQ) 0.61 0.47 0.57 0.03  —0.10
B3LYP 0.53 0.25 0.24 0.29  0.01
exptl” 0.39

“In eV. ?In ref.’!

Energy
A

Restricted (SA) method
Spin projected (AP) method 1A, State

7/ Unrestricted (BS) method

AEST(SA
AEST(AP)
Egr(BS)
Ly \/ 3B, State
1 1 > BH
~102° ~134° e

Figure 3. Schematic view of calculated potential surfaces and
single—triplet energy splitting (AEst) of SA, BS, and AP methods.

method stabilizes the singlet energy too much by both static
correlation correction and the contamination of the triplet state.
The smaller ST gap of the BS method seems to be better than
the SA method; however the singlet energy becomes slightly
unstable by eliminating the triplet state. In the case of the post-
HF methods, the difference between AEst(AP) and AEs(SA),
namely

AAE(SA-AP) = AE¢(AP) — AE(SA)  (25)

becomes small in comparison with HF method and its order is
less than 107! eV. This result indicates that the static correlation
is well corrected even by the SA-based post-HF methods in
terms of the ST gap energy. On the other hand, the difference
between AEst(AP) and AEsr(BS)
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AAE¢(BS-AP) = AE¢(AP) — AE¢(BS)  (26)

is not negligible in all methods except for the B3ALYP method.
In other words, a dominant factor of the extra-stabilization
energy of the BS method originates in the triplet contamination.
The energy order of the excess stabilization by the contamination
is estimated to be 107! eV.

5. Conclusion

In this paper, we indicate that the spin contamination causes
a serious error in geometry optimization of biradical systems.
To our knowledge, this is the first report about a quantitative
analysis of the spin contamination error in the U-BS solution
of the CH, molecule. The estimated error is not negligible, and
it may mislead the conclusion.?* In this way, one must pay
attention to the spin contamination error in the optimized
geometry if the U-BS and the HS states have different potential
surfaces. There are many large biradical systems such as
polymetal complexes, bioinorganic systems, and so on. Because
their properties and reactivity are sometimes sensitive to the
geometry, a method to correct the spin contamination with a
simple and easy way is necessary for the ab initio calculation
of those systems. In this paper, we could demonstrate that the
AP-opt method eliminates the spin contamination error in the
optimized geometry of biradicals. From those points of view,
we conclude that the AP method is one of the effective tools
for the theoretical calculations of the singlet biradical and related
species.

On the other hand, the AP method is also effective in the
investigation of the chemical reaction because a homolytic bond
cleavage causes the biradical state. In Figure S1 of the
Supporting Information, the spin contamination error in the total
energy of H, molecule is depicted at several bond distances. In
the covalent bond region, there are no spin contamination errors
because the BS method corresponds to the SA method.
However, the error suddenly increases around the bifurcation
point between the SA and the U-BS states (~1.3 A). Therefore,
we also have to take care about the spin contamination if the
transition state or intermediate state is close to the bifurcation
point, and the AP method is also effective in such situations.
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